We investigate several holographic properties of charged black holes with RF 2 corrections, which originate from Kaluza-Klein reductions of five-dimensional GaussBonnet gravity. We obtain the perturbative solution and discuss its thermodynamics. The DC conductivity is calculated via the effective action approach and the corrections to the DC conductivity are also evaluated. Moreover, we calculate the shear viscosity η and thermal conductivity κ T , as well as two interesting ratios η/s and κ T µ 2 /(ηT ). We find that both bounds conjectured in the literatures can be violated in the presence of the higher-order corrections RF 2 .
Introduction
The AdS/CFT correspondence [1, 2] has proven to be a powerful tool for studying the dynamics of strongly coupled field theories. It is widely recognized that this framework has opened a new window toward understanding real-world physics, such as QCD. Moreover, in recent years investigations on applications of AdS/CFT correspondence to condensed matter physics (or AdS/CMT for short) have accelerated enormously. For reviews, see [3] .
In order to describe condensed matter systems holographically, the minimum set of fields in the dual gravity side contains the graviton g ab , the U(1) gauge field A a , the fermion ψ and/or the dilaton φ. Thus according to the AdS/CFT dictionary, the bulk configuration is dual to a certain system with finite charge density, either at finite temperature or at extremality. The simplest corresponding black hole solution is the Reissner-Nordström black hole in four-dimensional anti-de Sitter spacetime (RN-AdS 4 ). It has been observed that the RN-AdS 4 black hole is a perfect laboratory for investigating this AdS/CMT correspondence. In particular, studies on the fermionic correlation functions in this background revealed the existence of fermionic quasi-particles with non-Fermi liquid behavior [4, 5, 6 ].
Moreover, it was shown in [7] that in the extremal RN-AdS 4 background, the scaling be-havior of certain correlation functions was governed by an emergent IR CFT, which was associated with the AdS 2 symmetry in the near-horizon geometry. Furthermore, such a system also exhibited superconducting phase transitions upon the introduction of charged scalar hair [8, 9, 10] .
One particularly interesting quantity characterizing charge transport properties of a certain condensed matter system is the conductivity. According to the AdS/CFT correspondence, it can be evaluated in the dual gravity side by working out the current-current correlation function of the bulk U(1) gauge field. In [11] the authors considered charge transport properties of 2+1 dimensional CFTs at non-zero temperature, where they found that the electromagnetic self-duality of the 3+1 dimensional theory implied that the the R-current correlation functions obeyed some constraint similar to that found from particlevortex duality in 2+1 dimensional Abelian theories.
One may ask if this self-duality still holds in the presence of higher-order corrections.
This issue was explored recently in [12] , where the authors considered a particular form of the higher-order corrections, i.e. the Weyl tensor coupled to gauge field strengths. They calculated corrections to the conductivity and found that although self-duality was lost in higher-derivative theories, a similar relation still held for the transverse and longitudinal components of the charge correlation functions, which reduced to the self-dual version at leading order.
The form of the higher-order corrections is not unique, then one wonders how charge transport properties will be modified if other forms of higher-order corrections are considered. In [12] higher-order corrections with RF 2 terms were also discussed, whose details will be reviewed in the next section. It was shown that in neutral black hole background, the two actions were equivalent up to redefinitions of coupling constants, which led to the same charge transport properties.
A natural question concerning the charge transport properties is what will happen at finite charge density. This is the main focus of this paper, i.e. to discuss holographic properties of charged black holes in the presence of RF 2 corrections. In section 2 we first give a brief review on [12] . Then we obtain the corrected background via perturbative techniques and discuss its thermodynamic properties in section 3. The DC conductivity is calculated in section 4, following the effective action approach presented in [13] . We find that when the charge parameter Q = 0, the DC conductivity agrees with the one discussed in [12] . Next we consider the shear viscosity η and thermal conductivity κ T in section 5 and compute two interesting ratios η/s and κ T µ 2 /(ηT ). We find that both ratios can be modified by higher-order corrections, thus the corresponding bounds discussed in previous literatures may be violated. Finally we will summarize our results and discuss relevant issues in the last section.
2 Preliminaries: charge transport in neutral black hole background
It was found in [11] that the conductivity in three-dimensional field theory side at zero momentum was a constant with no frequency dependence. The authors of [11] attributed this remarkable result to the electromagnetic self-duality of the four-dimensional bulk Einstein-Maxwell theory. Recently in order to acquire a better understanding of this self-duality, the authors of [12] considered a particular form of new higher-derivative corrections which involved couplings between the gauge field to the spacetime curvature.
Part of the main results are summarized as follows.
The starting point was the four-dimensional planar Schwarzschild-AdS 4 black hole,
where f (r) = 1 − r 3 0 /r 3 . On the other hand, after integrating by parts and imposing
, the most general four-derivative action contains the following terms,
where
If we focus on the conductivity, which means that only the current-current two-point functions are relevant, we can just consider the effects of the α 6 , α 7 and α 8 terms. Furthermore, after taking a particular linear combination of these three terms, the effective action for bulk Maxwell field turns out to be
where C abcd denotes the Weyl tensor. Then the DC conductivity in the presence of higherorder corrections is given by
One can also consider the following type of higher-order corrections instead
which arises from the Kaluza-Klein reduction of five-dimensional Gauss-Bonnet gravity.
It was observed in [12] that by combining the Einstein equation in the neutral black hole background R ab = −3/L 2 g ab and the definition of the Weyl tensor, the action (2.4)
It can be easily seen that the resulting action is equivalent to (2. 1 + 8α
Therefore the charge transport properties are identical. In particular, the DC conductivity can be re-expressed as
Moreover, gravity duals at finite charge density are of particular interest especially in the context of AdS/CMT. Then it would be desirable to study the effects of such higher-order corrections. However, due to the presence of the nontrivial U(1) background gauge field, (2.2) and (2.4) are no longer equivalent. Then to consider higher-order corrections to the conductivity, one has to take the back-reaction of the U(1) gauge field into account.
In the next section we will calculate the perturbative solution with RF 2 corrections and discuss its thermodynamics.
3 The perturbative solution with RF
corrections
Our staring point is the RN-AdS 4 black hole with planar symmetry, whose action is given
The black hole metric can be expressed as
There exists a nontrivial background gauge field
Note that we put a subscript '0' to denote the leading order quantities from now on. The horizon locates at r = r 0 , which satisfies f 0 (r 0 ) = 0. Then we have M = r 3 0 + Q 2 /r 0 . The thermodynamic quantities, such as the chemical potential µ 0 , the charge density ρ 0 , the energy density ǫ 0 and the entropy density s 0 , are given as follows
We can also evaluate the temperature
When we take the extremal limit we can obtain
It can be easily verified that the first law of thermodynamics holds
Next we consider the effects of the higher-order corrections. As illustrated in the introduction, due to the presence of the background U(1) gauge field, one should work out the back-reacted solution at first. However, generically it is always difficult to obtain exact solutions in theories with higher-order corrections. Then we may try to obtain the perturbative solution, following [13] . Black holes in five-dimensional gauged supergravity with higher-derivatives were also studied in [14] . Here the full action including higher-order corrections is given as follows
where we have rewritten the form of the correction terms so that α is a dimensionless constant. It would be straightforward to obtain the modified Maxwell equation
as well as the Einstein equation
We take the following ansatz for the perturbative solution
The main steps proposed in [13] for calculating the perturbative solution can be summarized as follows:
1. Considering the combination G t t − f /gG r r , where G ab denotes the Einstein tensor, one finds a first-order linear ODE for G(r), which is solvable.
2. Given G(r), the modified Maxwell equation is easily solved. Let us turn to our particular ansatz. It can be seen that step 1 gives
Without loss of generality we can set G(r) = 0, therefore
Subsequently we can obtain the perturbation for the gauge field from step 2
Finally by combining the above two functions, the perturbation for the metric component is given by
To determine the integration constants in the above perturbative solutions, we can impose several constraints following [13] :
• First we require that r = r 0 is still the horizon, which leads to Y (r 0 ) = 0. Then the constant y 0 is given by
• The second requirement is that the gauge potential A t (r) vanishes at the horizon, which originates from regularity. Then we have H(r 0 ) = 0 and
• The third requirement is that the charge density remains invariant. From the modified Maxwell equation it can be seen that the charge density is proportional to ( * X) xy , where X satisfies ∇ a X ab = 0. Thus we can see that the additional terms in the modified Maxwell equation, which come from the higher-order corrections,
should not contribute
Now we have fixed all the integration constants and have arrived at the complete solution.
One additional point is that, in order for the perturbative solution to be valid, the leadingorder correction to f 0 , denoted as Y (r) = f 0 (r)F (r), must be much smaller than f 0 . As one approaches the horizon r → r 0 , it can be seen that
Therefore the right hand side of the above expression must be much smaller than 1, which holds when α ≪ 1 and Q 2 − 3r 4 0 = 0. However, in the extremal limit Q 2 = 3r 4 0 , the denominator vanishes, which means that the perturbation scheme breaks down at r = r 0 .
Since we have already known the perturbative solution, it is straightforward to discuss its thermodynamics. Thermodynamics of charged black holes was extensively investigated in e.g. [15, 16, 17, 18] . First the temperature is given by The other thermodynamic quantities can be evaluated in a standard way. For our particular case, the simplest method is the so-called background subtraction method. That is, we choose some reference background and subtract its contribution from the on-shell
Euclidean action, so that the resulting Euclidean action becomes finite. We work in the grand canonical ensemble, which means that the chemical potential is fixed. In this case we can simply choose pure AdS 4 as the reference background. Then the remaining thermodynamic quantities can be easily obtained. The energy density is
The charge density is 25) and the entropy density is given by
To describe the stability of the perturbative solution, one can consider the following two quantities. One is the specific heat C µ , which is defined as
If the specific heat is positive, the black hole is locally stable to thermal fluctuations. For our particular case, the specific heat turns out to be
The other is the electrical permittivity
whose positivity signifies the stability of the system under electrical fluctuations. Here we have
Let us focus on the leading order results first. According to the third law of thermodynamics, the temperature of the black hole cannot be negative, which leads to Q 2 3r 4 0 . Therefore it can be easily seen that at the leading order, C µ 0, ǫ T > 0, which means that the black hole is locally stable under both thermal and electrical fluctuations. Once higher-order corrections are taken into account, it is better to explicitly plot the curves of C µ and ǫ T . Two specific examples are shown in the following, where we have fixed the ratio Q/r 0 to different values since we are working in the grand canonical ensemble. Our figures show that both C µ and ǫ T are definitely positive, which means that the black hole is still thermodynamically and electrically stable at least in our specific examples.
DC Conductivity
The DC conductivity plays an important role in characterizing charge transport properties of a certain system. In the hydrodynamic limit, it can be determined in terms of the retarded current-current correlation function
Here J x denotes the CFT current dual to the bulk gauge field A x .
It is simpler to evaluate conductivities in neutral backgrounds, as the fluctuations of the gauge field and the fluctuations of the metric get decoupled. The conductivity in general neutral backgrounds was investigated in [19] , where possible bounds on the conductivity were also proposed. Moreover, Weyl corrections to the conductivity in general dimensions were explored in [20] . However, things become more involved in the presence of a nontrivial U(1) background gauge field, as the gauge field perturbation A x can couple to the metric perturbations h xi . To deal with such a more complicated situation, the most convenient way is the effective action approach adopted in [13] . The strategy is to impose gauge invariance, which will result in a relation between the two sets of perturbations. Then we make use of this relation to integrate out the h xi components and obtain an action that involves only the A x fluctuation.
Before proceeding, let us introduce a new radial coordinate u = r 0 /r. Then the metric can be recast into the following form
Next the fluctuations of metric components and the gauge field can be written as 5) where we have fixed the three-dimensional wave vector to be k = (−ω, 0, k) due to rotation symmetry in the xy-plane.
We consider the leading order solution, i.e. RN-AdS 4 black hole, for illustration. Thus we have
Furthermore, according to the formula for the DC conductivity (4.1), it is sufficient to set k = 0 in subsequent calculations. Then the Maxwell equation reads
where prime denotes the derivative with respect to u. To eliminate contributions from the metric perturbations, we impose a gauge choice h u x = 0. Then the consistency requirement from the Einstein equation gives
Plugging (4.8) back into the Maxwell equation, we arrive at
which is an equation purely for a k (u).
The quadratic action for the gauge field fluctuations can always be written in the following form (4.10) where
can be read off by making use of (4.9). The general form of the equation of motion can be expressed as
denotes the canonical momentum.
To proceed, one can impose the following regularity condition at the horizon u = u 0 , which originates from the black hole membrane paradigm [21] ,
Note that here we are expanding in the low-frequency limit. Next one can easily evaluate the flux factor from the on-shell boundary action [22] 
Then according to (4.1), the DC conductivity is given by
One crucial point is that the numerator in the previous formula is a conserved quantity,
as the resulting two terms are real. Since it does not evolve along the radial direction, it can be evaluated at any point in the spacetime. We calculate this quantity at the horizon, where the regularity condition (4.14) should be imposed. Finally the DC conductivity can be written as
Notice that here N (u) is also real and so is independent of ω up to O(ω 2 ), which means that up to this order N (u) is regular at the horizon. Then in order to evaluate N , it is sufficient to solve for a k (u) by setting ω = 0 in the corresponding equation of motion.
The calculations can be considerably simplified and the solution can be easily obtained
Finally the DC conductivity is given by
which agrees with the previous result, see e.g. [23] .
Our next task is to evaluate the effects of higher-order corrections. The steps are indeed more or less the same. To be concrete, we impose the gauge choice h u x = 0 and eliminate contributions from metric perturbations, which leads to an equation purely for the gauge field fluctuation. Then the DC conductivity can be obtained in the same way. However, the key problem is that the equation becomes more complicated and it is very difficult to find any analytic solution. Therefore we just keep the solution up to the first order of α and Q 2 , which reads
Thus the DC conductivity at the first order is given by
When we consider the limit Q = 0, the DC conductivity becomes
It can be seen that the result obtained in [12] can be reproduced even at higher-order.
Shear viscosity, thermal conductivity and relevant ratios
In this section we discuss two other interesting quantities, the shear viscosity η and the thermal conductivity κ T , as well as the relevant ratios, η/s and κ T µ 2 /(ηT ). At first sight, the shear viscosity in three-dimensional field theory spacetime does not seem to be as interesting as the four-dimensional counterpart. However, it would be worth investigating as this quantity is directly related to the ratio κ T µ 2 /(ηT ).
The shear viscosity is related to the low frequency and zero momentum limit of the retarded Green's function of the stress tensor in the dual CFT via Kubo's formula
Here the retarded Green's function is defined as we still adopt the effective action approach in [13] . The ansatz for the metric perturbation
where we have set k = 0.
The strategy here is similar to that in the calculations of the DC conductivity. We also expand the action to quadratic order in φ and read off the shear viscosity via the membrane paradigm. For a general theory of gravity, where higher-order corrections may exist, the quadratic effective action for φ can always be expressed in the following form
where K GH denotes contributions from the Gibbons-Hawking terms. Subsequently, by making use of the equation of motion and integrating by parts, we arrive at the following 'modified' effective actioñ
where the Gibbons-Hawking term is also modified.
Given the 'modified' effective action, it is convenient to define the canonical momentum for the effective scalar
Notice that here the 'modified' Gibbons-Hawking term does not contribute to the canonical momentum. As demonstrated in [21] , in the low frequency limit the shear viscosity is determined by the canonical momentum as follows
Furthermore, the equation of motion for the effective scalar is given by
, therefore in the low frequency limit ∂ u Π(u) = 0.
Hence Π(u) is also a conserved quantity and it can be evaluated at any radial position.
Here we evaluate Π(u) at the horizon once again and impose the regularity condition for the effective scalar φ. Finally the shear viscosity is given by
The above calculations are rather general. However, for our particular background, the non-vanishing functions inĨ (2) φ are given as follows 12) which lead to
Recalling the entropy density given in (3.26), we arrive at
(5.14)
From this result, it can be seen that the bound 1/4π might be violated, depending on the sign of the gauge coupling parameter α. Furthermore, when the charge parameter Q goes to zero, we can recover 1/4π.
Another interesting quantity is the thermal conductivity, which describes the response of the heat flow to temperature gradients, T t i = −κ T ∂ i T . As stated in [25] , the thermal conductivity can be expressed as follows
Furthermore, thermal conductivity was systematically investigated in [26] in the context of holography. Since we have already obtained all the quantities in the above expression, it is straightforward to calculate the thermal conductivity. Moreover, we can evaluate another ratio κ T µ 2 /(ηT ). It was found in [25] that κ T µ 2 /(ηT ) = 8π 2 at the leading order, which was an analogue of the Wiedemann-Franz law. Such a value can also be modified by higher-order corrections [13] . For our case, the ratio is given by 16) where the differences in the leading order result are due to different normalizations in the gauge kinetic term. One can see that this ratio can also be modified by higher-order corrections.
Summary and discussion
Charge transport properties are of particular interest in condensed matter physics, thus it would be desirable to investigate them in the dual gravity side in the spirit of the AdS/CMT correspondence. In [12] , the authors studied charge transport properties in Schwarzschild-AdS 4 background in the presence of a particular form of higher-order corrections (2.2). Furthermore, it was observed that the RF 2 higher-order corrections in (2.4), which originated from Kaluza-Klein reduction of five-dimensional Gauss-Bonnet gravity, were equivalent to (2.2) in neutral backgrounds, which led to the same charge transport properties. However, when the background is at finite charge density, the two above mentioned higher-order corrections are no longer equivalent. Then in order to understand the effects of higher-order corrections to charge transport properties at finite density, we have to perform case-by-case analysis.
In this paper we study several holographic aspects of charged black holes under RF 2 corrections shown in (2.4), which can be seen as a primary step toward better understanding of charge transport properties at finite density. Due to the presence of the background gauge field, it is necessary to work out the full solution in the beginning, at least perturbatively. We obtain the perturbative solution and discuss its thermodynamics and local stability. Next we calculate the DC conductivity using the effective action approach proposed in [13] . We find that at the leading order the result agrees with that obtained in other literatures and we also obtain corrections to the DC conductivity. In particular, if
we take the Q = 0 limit, our result can reproduce that obtained in [12] . Subsequently we compute two additional hydrodynamic quantities, the shear viscosity η and the thermal conductivity κ T . It can be seen that the higher-order corrections can affect both η/s and κ T µ 2 /(ηT ). However, the conjectured bound η/s = 1/4π can be recovered when Q = 0.
One topic that we do not investigate in detail in the main text is the conductivity at extremality. At zero temperature the near horizon geometry is AdS 2 × R 2 and the lowfrequency behavior of the retarded Green's function is determined by an emergent IR CF T 1 [7] . Furthermore, Wald-like formulae for the shear viscosity and the conductivity at extremality in general higher-derivative gravity theories were proposed in [27] . It was found in [27] that the real part of the conductivity had a universal behavior Reσ ∝ ω 2 under various forms of higher-order corrections, including the RF 2 terms we consider in this paper. This universality supported the argument that the low-frequency behavior of the retarded Green's functions is determined by the IR CFT. Transport coefficients in extremal black hole backgrounds were also investigated in [28] .
To have a more comprehensive understanding on charge transport properties, it is necessary to work out the full retarded Green's functions. However, once again due to the nontrivial background U(1) gauge field, it is more difficult to compute the corresponding correlation functions even at the leading order, see e.g. [23] . Then one may resort to perturbative methods and numerical techniques to obtain such correlation functions.
Moreover, once we know the full correlation functions at the first order, we can discuss the effects of higher-order corrections to e.g. holographic optics [29, 30] . We expect to report progress in the above mentioned directions in the future.
